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' Abstract. We define an integer graded symplectic Floer cohomology and a spectral sequence 

which are new invariants for monotone Lagrangian sub-manifolds and exact isotopies. Such an 
integer graded Floer cohomology is an integral lifting of the usual Floer-Oh cohomology with 
' ■^s(L) grading. As one of applications of the spectral sequence, we offer an affirmative answer to 

^ an Audin's question for oriented, embedded, monotone Lagrangian tori, i.e. S(L) = 2. 
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O ' 1. Introduction 

O . 
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, One of important problems in symplectic topology is to understand when a manifold admits a 

Lagrangian embedding into C". M. Audin in |^ gave a series of obstructions to existence of such 
' embeddings from purely topological point of view. In [|| , she asked whether the following is true or 

r^^' Audin's Question: Any embedded Lagrangian torus L in C" has = 2, where is the 

IL" ' positively minimal Maslov number of L, see §2 for definition. 

■ C. Viterbo in derived a new obstruction to embedded Lagrangian tori, 2 < E(T") < n+l. In 

■ particular, this answers the Audin's question for n = 2 since is even for an oriented Lagrangian 
sub-manifold L. Viterbo used the symplectic action and Conley-Zehnder's finite dimensional reduc- 
tion technique to relate the Maslov index with the Morse index in j33|. His method for T" also 
works for compact manifold admitting a Riemannian metric with non-positive sectional curvature. 
In L. Polterovich obtained the same obstruction on the Maslov index 1 < < n + 1 
for more general manifold L via Gromov's pseudo-holomorphic curves. 

A new approach to the Lagrangian rigidity (relative to Lagrangian immersions, Gromov's h- 
principle, flexibility §) is given by Y. G. Oh in ||2^. Using one of basic steps that Floer proved 
an Arnold conjecture for monotone symplectic manifolds Oh has constructed a local symplectic 
Floer (co)homology such that there exists an approximation from local to global symplectic Floer 
(co)homology by adding the holomorphic disks or the quantum effect. This leads to a spectral 
sequence which converges to the usual symplectic Floer (co) homology. Thus the optimal rigidity for 
compact, embedded, monotone Lagrangian sub- manifolds is obtained in Theorem I p3|, 1 < < 
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n. There are examples in which shows that the inequahty 1 < < n can not be improved in 

generaL Furthermore, Oh gives a positive answer to the Audin's question for monotone Lagrangian 
tori of dimension < 24 (Theorem III [p2[). 

From understanding Oh's resuh ||2^ and and Chekanov's result in (|], we define an integer 
graded symplectic Floer cohomology which can be thought as a combination of Oh's and Chekanov's 
approaches. In particular, we would like to replace the local symplectic Floer cohomology by a 
more global symplectic invariant, and to relate the restricted Floer (co)homology constructed in H]. 
This leads us to construct an integer graded symplectic Floer cohomology in this paper which is 
global and integral lifting of the usual symplectic Floer cohomology, just like in the instanton theory 
developed by Fintushel and Stern ||ll[] . For special Lagrangian sub-manifolds (representation varieties 
of handlebodies of an integral homology 3-sphere), Atiyah conjectured that the cohomologies from 
the instanton theory and the symplectic theory are same. The Atiyah's conjecture is proved in 
by R. Lee and the author. This leads us to borrow some ideas from the instanton Floer theory. 
Our construction of the integer graded Floer cohomology is related to Chekanov's construction and 
Oh's construction via the Hofer's symplectic energy (see §5). This may give an interesting way to 
understand the Hofer's symplectic energy through the integer graded Floer cohomology. 

Let (P, to) be a monotone symplectic manifold and i is a monotone Lagrangian sub-manifold in 
{P,Lu). Basically, we associate to L a discrete set Ima^{Z^), and for each r G 'R\Ima^{Z^) — Rl.^ 
an Z2-modules li^\L , <j); P) with a natural integer grading. We also deal with more general case 
(Li, L2) in [ p^ to get an integer graded symplectic Floer homology for a pair of monotone Lagrangian 
sub-manifolds. These Z2-modules will depend on r only through the interval in Rl.^: 

(i) [ro,ri] cRl.0, then/i'''')(L,(/.;F) = /^^(L,(/.;P); 

(ii) -^f'j_^5](^-) (i, 0; P) ~ li^^'^'"^^\L, (f>; P), where (t(L)(> 0) is the minimal number in Imlt^\j^^(^p ]^y 

Theorem A. For S(L) > 3, L is a monotone Lagrangian sub-manifold in (P,uj), 

(1) For any continuation {J'^, (t>^) G Vi which is regular at the ends, there exists an isomorphism 

<^f}2 : /W(L, (/.O; P, jO) ^ /M(L, P, J^), 

for all n E Z. 

(2) There is a spectral sequence {E^j,d'') with 

Elj{L,cf>-P,J)^lf\L,c^-P,J), n=3 {mod E(L)), 

and 

E^^^{L, cj,; P, J) - Fi^^HF^L, 0; P, J)/fI%^^^HF^L, 0; P, J). 

(3) The spectral sequence {E^j,d'^) converges to the graded symplectic Floer cohomology 
HF^{L, (j); P, J), where 

{L,<t>-P,J). 
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Theorem B. For each k>l, j {L , (j); P, J) are the symplectic invariant under continuous defor- 
mations of {J^,(j)^) within in the set of continuations. 

All the El^{LA;P,J) = El^^{L,<j,-P), Ei^^{L,^;P) = A^\l,^;P), for k > l,r G R^,^ , 
are new symplectic invariants. They provided potentially interesting invariants for the symplectic 
topology of L. In particular the minimal k for which = E^^, should be meaningful, denoted 
by k{L). Using the integer graded Floer cohomology, the spectral sequence, and the new invariant 
k(L), we give an affirmative answer to Audin's question for monotone Lagrangian embedding torus 
in C"\ 

Theorem C. For an embedded, oriented, monotone Lagrangian torus L in C™, we have 

S(L) = 2. 



The question remains open for non-monotone Lagrangian torus of dimension > 3. We use the 
full information about the spectral sequence and some counting arguments to get the Theorem C 



unless k{L) = (Theorem 5.11). Since the integer is always even, so we first answer the 



Audin's question for all even dimensional monotone embedded torus. Hence the complete proof 



of Theorem C follows by studying for the odd dimensional case (Proposition 5.12 ). Note that Oh 
in answered the Audin's question for monotone Lagrangian L with m < 24 (Theorem III in 
p2| ). Our proof of Theorem C indicates the interaction between k{L) and S(i) for a monotone 
Lagrangian sub-manifold L. We also discuss the relation between the integer graded symplectic Floer 
cohomology and the Chekanov's construction Thus we obtain Chekanov's result by using the 
integer graded symplectic Floer cohomology. From these applications, the integer graded symplectic 
Floer cohomology plays a uniform role in the work of Oh j2^ and the work of Chekanov Q . This 
is why we use cr(L) to restrict an energy band and S(i) > 3 to preserve the invariance from 
the definition of li^\L , (f)] P) . Our study suggests a possible relation between the integer graded 
symplectic Floer cohomology and Holer's symplectic energy for monotone Lagrangian sub-manifolds. 
In fact we conjecture that the Hofer's symplectic energy of a monotone Lagrangian sub-manifold 
L with S(i) > 3 is a positive multiple of a{L) (More precisely, eniL) — k{L)a{L)), where cr{L) 
is the minimal symplectic action on 7r2 {P, L) . We will discuss this problem elsewhere. It would be 
also interesting to link the integer graded symplectic Floer cohomology with the (modified) Floer 
cohomology with Novikov ring coefficients |l^ , |^ . 

The paper is organized as follows. In §2, we define the integer graded symplectic Floer cohomology 
for transversal Lagrangian intersections. Its invariant property under the symplectic continuations 
is given in §3. Theorem A (1) is proved in §3. Theorem A (2), (3) and Theorem B are proved in §4. 
In §5, we give some applications included Theorem C and relations among the Hofer's energy, the 
Chekanov's construction and the Oh's results. 



4 



WEIPING LI 



2. Integer graded Floer cohomology for transversal Lagrangian intersections 

Let {P^i^) be a compact (or tamed) symplectic manifold with a closed non-degenerate 2-form w. 
The 2-form lo defines a second cohomology class [w] G H^{P,IV). By choosing an almost complex 
structure J on {P,oj) such that uj{-,J-) defines a Riemannian metric, we have an integer valued 
second cohomology class ci{P) G H^{P,Z) the first Chern class. These two cohomology classes 
define two homomorphisms 

/c.:^2(P)^R; Ic, : n2{P) ^ Z. 

If u : {D^, dD^) {P, L) is a smooth map of pairs, there is a unique trivialization up to homotopy 
of the pull-back bundle u*TP = x C" as a symplectic vector bundle. This trivialization defines 
a map from = dD^ to A(C") the set of Lagrangians in C". Let n e iJi(A(C"), Z) be the 
well-known Maslov class. Then we define a map 

/pX : 7r2(P,L) ^ Z, 

by Ifj,.L{u) ~ ^{dD^), this Maslov index is invariant under any symplectic isotopy of P. 

Definition 2.1. (i) (P, is a monotone symplectic manifold if 

= alci , for some a > 
(ii) A Lagrangian sub-manifold L on P is monotone if 

/cj = ^Ifi,L, for some A > 0. 

Remark: The monotonicity is preserved under the exact deformations of L. By the canonical 
homomorphism / : t^2{P) ^ '^2{P, L), one has 

where x 7^ G 7r2(P). Therefore if L is a monotone Lagrangian sub-manifold, then P must be 
a monotone symplectic manifold and 2A — a. In fact the constant A does not depend on the 
Lagrangian L, but on {P,u!) if -^[^|7r2(P) 0- Foi' a = 0, A = cases, they are monotone in the Floer's 
sense 0, §. The definition of monotone Lagrangian sub- manifolds is given by Oh in |21 . 



Definition 2.2. (i) Define a{L) be the positive minimal number in ImI^\j^^i^pQ C R; Define 
be the positive generator for the subgroup [^J-\^r2{P.L)] = Iml^^L in Z. 

(ii) A Lagrangian sub-manifold L is called rational if /m/i^l^^^pj^) = a{L)7i is a discrete subgroup 
of R and cr(i) > [|9|. For a monotone Lagrangian, we have (j{L) = XYi{L) for some A > 0. 

Let iJ:PxR^Rbea smooth real valued function and let Xh be defined by lo{Xh, ■) = dH . 
Then the ordinary differential equation 

'^^^Xu{x{t)), (2.1) 
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is called an Hamiltonian equation associated with the time-dependent Hamiltonian function H or the 
Hamiltonian vector field Xh- It defines a family of diffeomorphisms of P such that x{t) — (j)H,t{x) 



solves equation (2.1) for every x. A set — {4>h.i\H G C°°{P x R, R)} of all diffeomorphisms 
arising in this way is called the set of exact diffeomorphisms, an element in the set is called an exact 
isotopy. 

Definition 2.3. For a given exact isotopy cj) = {(/)t}o<t<i on {P,uj), we define 

n^^{z:I^P I z{0)eL,z{l)eML)d(bt'z{t)]=0e7:i{P,L)}. 

Proposition 2.4 (Oh Let L be monotone and (p = {0t}o<t<i be an exact isotopy on {P,uj). 

Let u and v be two maps from [0, 1] x [0, 1] to fl^ such that 

uir, 0), f (r, 0) e L, «(t, 1), t-(T, 1) £ <jy{L) 

u{0,t) ^ v{0,t) = X, u{l,t) ^ v{l,t) = y, x,y e Lr](j){L). 

Then we have 

Iu{u) = Iu{v) if and only if iiu[x,y) = iiv{x,y), 
where /i„ is the Maslov-Viterbo index (see ^ and for definition). 

In particular, if u, v are J -holomorphic curve with respect to an almost complex structure J (may 
vary with time t) compatible with to, then 

= / II^^IIj if and only if ^„(x, y) = ^^(x, y). 



This is Proposition 2.10 in |2l[. Note that fiu{x,y) is well-defined mod (see Lemma 4.7 

©)■ 

The tangent space T^ft^ consists of vector fields ^ of P along z which are tangent to L at and 
to 0(i) at 1. Then u induces a "1-form" on fi^. 

Da{z)^ = J^^u;{^,^{t))dt. (2.2) 

This form is closed in the sense that it can be integrated locally to a real function a on fl^. It 
clearly vanishes for all ^ if and only if z is a constant loop, i.e. z{0) is a fixed point of (jj; its critical 
points are the intersection points L n (^{L) . A critical point is non-degenerate if and only if the 
corresponding intersection is transversal. 

For a monotone Lagrangian sub-manifold L, an exact isotopy (f) and k > 2/p, consider the space 
of L^-paths 

KiociL,cP;P) = {ueLl,^,{e,P) I u(Rx{0})cL, t.(R x {1}) c 0(L)}, 
where O = R x [0,1] — R x il C C. Let S*^ be the bundle of all J e End{TP) whose fiber is given 

by 

5^ = { J G EndiT^P) 1 J2 = -Id and uj{-, J-) is a Riemannian metric}. 
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and we denote the set of time-dependent almost complex structures hy J = C°°([0, 1] x S^j)- Define 

-p. I dujr, t) du{T, t) 

dju[T,t) = — — V Jt — — , (2.3) 

on and then the equation dju is translationally invariant in the variable r. Denote A4 = 

Mj{L,(j)) = {u e ^^0|/Rxilf7p < and M{x,y) = {u e M\ lim^^+oo « = a;, lim^^_oo w = 

Ln<p{L) -^i^^y)- ^ intersects (j){L) transversely, then for each x,y ^ Z^, there 



exist smooth Banach manifold 'P{x,y) — Vj^{x,y) C V^i^^ such that equation 2.2 defines a smooth 
section dj of a smooth Banach space bundle C over V{x,y) with fibers Cu = L^_i{u*TP), and so 
that M{x,y) is the zero set of dj. The tangent space Ty^V consists of all elements e L'^^{u*{TP)) 
so that C(t,0) e TL,^{t, 1) e T((/)(L)) for aU r e R. The linearizations 

= Ddj{u) : TuV ^ Cu (2.4) 

are Fredholm operators for u e M.{x,y). There is a dense set Jreg{L, (j){L)) C J so that if J £ 
Jreg{L,(j){L)), then Eu is surjective for all u € M{x,y). Moreover the Fredholm index of the 
linearization Ind{Eu) is the same as the Maslov-Viterbo index ^u{x,y)- In particular Ai,j{x,y) 
becomes a smooth manifold with dimension equal to /i„(a:, y) for J G J^reg{L, ^(i)). See Proposition 
2.1 § and Theorem 1 §. 

Theorem 2.5 (Floer Q and Oh [pTf Theorem 4.6). Let L be a monotone Lagrangian sub-manifold 
in P and (p — {(t>t}Q<t<i be an exact isotopy such that L is transversally intersects 4>i{L). Let 
Ct:{L, (j); P, J) be the free generated Z2-modules from Z^. Suppose S(i) > 3. Then there exists a 
homomorphism 

5:C,{L,cp-P,J)^C,{L,cp-P,J) (2.5) 

with 5 o 5 = Q for J S Jreg{L^ (j){L)). Define the Floer cohomology HFj{L, (f>\ P, J) as the cohomol- 
ogy of H*{C^{L, (j); P, J), S), a 'L/Ti{L)- graded Z^-modules. HFJ{L, (j); P, J) is invariant under the 
continuation of {J,(j3), denoted by HF*(L,(f>; P) with * G 

In order to extend this Floer-Oh theory to one with an integer grading we make use of an infinite 
cyclic cover fl^ of so that the symplectic action on fl^ and the Maslov index function on Z^ 



define as a : fi^ ^ R and fi : Z^ ^ Z. From (2.2), a functional a on fi^ is only defined up to a{L)Z, 
i.e. a : — > R/(t(L)Z from the different topology classes in 772 (P, L). The functional a on fl^ and 
its lift on are clearly distinguished from its context. 

Lemma 2.6. There exists a universal covering space of U,^ with transformation group ■K2{P,L). 

Proof: The function space fi^ has the homotopy type of a CW complex and so an associated 
universal covering space. By Milnor's theorem 3.1 in there is a universal covering space of 
0^. By definition of O^, there is a homotopy F{T,t) of (j)^^u{T,t) to a constant path in {P,L) for 
any u : L fi^. Thus we can redefine the map u to yield a map ?I(t, t) = u(2t, t) for < r < 1/2; 
and u{t, t) — F{2t - 1, t) for 1/2 < r < 1. Such a map u : {D'^,dD'^) (P, L) defines an element in 
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(P, L). It is easy to check that u — > u is a bijective homomorphism between T:i{fl^) and 7r2(-P, -/j) 
(see also Proposition 2.3 in Q). □ 

Now the closed 1-form Da{z) has a function up to a constant such that a : fi^ — > R is well-defined. 
Pick a point zq £ £ n such that a(zo) = by adding a constant. For g G 7ri(ri0) = vr2(P, L) we 
have 

a{g{x))=a{x)+deg{g)a{L), (2.6) 

where deg(5) is defined as Iuj{g) — deg{g)a{L). Let = {a; G i D (/)(i) | [?!'t(a;)] = G 7ri(P, L)}. 
Let Ima{Z^) be the image of a of Z^] modulo (t(L)Z, Ima{Z^) is a finite set. Thus a set Rl,^ = 
R \ Ima{Z^) consists of the regular values of the symplectic action a on Cl^. In this section, we 
are going to construct an integer graded symplectic Floer cohomology for every r G Rl,0. Given 
X e Z^ d n,f,, let x^"^^ € Z^ C fit/, be the unique hft of x such that a{x'^^^) G (r, r + a{L)). Let 
/i*^''''(a;) = fj,{x'^'^\ zq) G Z and define the integral symplectic Floer cochain group 

CW(L,0;P,J) = Z2{xGZ^ I ti(^\x)^neZ}, (2.7) 

as the free Z2 module generated by a; G with the lift a;^'"-' and ij,{x^'^\ zq) = n. If zq is another 
choice of a based point and 3(20) = ^0 for some covering transformation g, then the corresponding 
choice of lift x^'"-' of x is just g(x^^^). Note that the integral Maslov index ^u \x) is independent of 
the choice of the based point zo used in the definition of a by ( |2.6D . The following lemma shows 
that the lift of the functional a is compatible with a universal lift of Y{./a{L)Z. 

Lemma 2.7. The lift of the symplectic action over VL^ is compatible with the one of the Maslov 
index, i.e. for g G '^2{P, L) with deg{g) — n, 

0(5(20)) = na{L) if and only if ^('''(g(zo), zq) = nY.{L). 

Proof: Let J be a compatible almost complex structure and a;(-, J-) be the corresponding Rie- 
mannian metric on P. Denote V be the Levi-Civita connection of the metric a;(-, J-). Then T,j,L is an 
orthogonal complement of JT^L. One can represent to be a standard J for suitable orthonormal 
basis in TxL. Let /i be a parallel transport along the path u{t) {u{T,t) for each fixed t G /) in Jl^. 
Then we obtain an isometry 

Define Jr.t — h^] o Ju(T,t) ° hr^t- Then we have a smooth map f : I x I ^ S0{2m) such that 
f~^ o Jr^t o /r,t = Jx- Set 

L{t) = /i-J(T„(,,o)i), c^{L){t) - V,l(r„(.4)'/'(^))- 
Thus fr,o{L{T)) = L(t), fr,i{(t>{L){T)) = (I){L){t). The trivialization of u*TP by using the parallel 
transportation {/ir,t} is given by 

u*{TxP) =1 X I X T^P = 1x1x0"". 

Then there are two paths of Lagrangian subspaces L{t) and (f){L){T) in T^P = C™. Note that these 
two Lagrangian paths intersects transversally at end points r = 0, 1. There is a map from to 
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the space of pairs of Lagrangian subspaces A(m) which has a universal covering A(m) (see , [|| §1) , 
where /^({^(t)}) = {^(t), 0(L)(t)}, < t < 1. For the map from fl^ to A(m), there is a map 
from the CW complex to A(to) from the obstruction theory. Hence there exists a corresponding 
map F between the universal covering space fl^ and the universal covering space A(to). From the 
choice of zq, we have a(g{zo)) = na{L). Here we have u(0) = zo,u(l) = g{zo) and {u(T)}o<r<i 
corresponding to 5 G 7r2 (P, L) . 

Note that we have deg : TTi{n^) a{L)Z and A/as : 7ri(A(m)) ^ I](L)Z for our case. Hence 
there is an induced gi G 7ri(A(m)) such that giF ~ f^j^g. ^^^\zo,zq) — 0. We have the following 
commutative diagram 

■Ki{Vtfj,) '^l^li^ 7ri(A(m)) 

I deg{g) i deg{gi) 

a{L)Z ^ I](L)Z. 
So Iuj{ug) = na{L), I^i^L{ug) — deg{gi)T,{L) by the definitions of and the Maslov index (see 

[Ql). Thus the result follows from the monotonicity and <t{L) = AE(L). □ 

Remark: The index /x„(x) depends on the trivialization over I x I, only the relative index does 
not depend on the trivialization. So the choice of a single zq fixes the shifting in the integer graded 
Floer cochain complex. 

Definition 2.8. The integral Floer coboundary map a^'^^ : cj[\{L,<j>; P, J) da\L,(j>; P, J) is 
defined by 

y(^c\:[\L,4>-P.,J) 

where Ai{x,y) denote the union of the components of 1-dimensional moduli space of J-holomorphic 
curves and Ai{x,y) = M{x^y) /lEL is a zero dimensional moduli space modulo r-translationally 
invariant. ^M{x,y) counts the points modulo 2. 

Note that the coboundary map d^^'' only counts part of the Floer-Oh's coboundary map in 
We are going to show that d'^^^ o c?^^' = 0. The corresponding cohomology groups are the integer 
graded symplectic Floer cohomology li^\L, (f>; P, J),* e Z. 

Proposition 2.9. If u £ V{x, y) for x,y £ and u is any lift of u, then fi^ — fJ-^^\y) ~ fJ-^^^x). 
This follows from Lemma 2.7 or Proposition 2.4 Q and Proposition 2.10 pl[ . 



Proposition 2.10 (Oh , Proposition 4.1 and 4.3 [pi|). Suppose that two Lagrangian sub-manifolds 
L and 4>{L) intersect transversally and S(i) > 3. Then there is a dense subset j7*(/v, (jj) C J^reg{L, 
of such that (1) the zero dimensional component of A4{x,y) is compact and (2) the one di- 
mensional component of j(4{x ,y ) is compact up to the splitting of two isolated trajectories for 



Proposition 2.10 plays the key role in showing that (5 o 5 — in Theorem |2.5|. We follow Floer- 



Oh's argument to show that o 5'-'"-' — 0. The condition S(i) > 3, rather than S(L) > 2, 
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enters only in proving that < S o Sx, x >— 0. For = 2, Oh evaluates a number (mod 2) 

of J-holomorphic discs with Maslov index 2 that pass through x £ L C P in ||2^. Oh in ||2^ 
verified that the number is always even, hence < 6 o Sx, x >— (mod 2). In our case, this reflects 
to understand the two lifts x'^^^ g{x'^^'>) of x with deg{g) — ±1. Note that x'''^ G (r, r + cr(L)), 
g{x^^^) G (r + deg{g)a{L), r + {deg{g) + 1)(t(L)). The integer graded symplectic coboundary is not 
well-defined in this situation. We leave it to a future study. 



Lemma 2.11. Under the same hypothesis in Proposition WJh, S^'') o a^''^ = 



Proof: If X e C^r^liiL, 0; P, J), then by definition the coefficient of z e c';ll^{L, (j); P, J) in Q^') o 
d'^''\x) is 

^ #Al(x,y)-#>l(2/,z). (2.8) 

V(^C^^\L,,j,-P,J) 



By Proposition |2.10| , the boundary of the 1-dimensional manifold M.{x , z) = J\A{x , z)/R corresponds 
to two isolated trajectories M.{x, y) xM{y, z). Each term ^M.{x, y) ■ #A4{y, z) is the number of the 
2-cusp trajectory of 7W(x, z) with y G Cn'' {L, (j>; P, J). For any such y there are J-holomorphic curves 
u £ Ai{x,y) and v G M-{y,z). The other end of the corresponding component of the 1-manifold 
M{x,z) corresponding to the sphtting M{x,y ) x M{y' , z) with u G M{x,y ) and v G M{y',z). 
Then j(4{x,z) has an one parameter family of paths from x to z with ends u^v and u #w for 
appropriate grafting 0. If we lift m to m G M{x^^\y), then 

1 = /i, = /.'"^^(y) - f^^^Hx) = /xM(y) - (n - 1). (2.9) 

So fJ-'^^\y) = n; and y = y^''-' is the preferred lift, thus we have u G M{x^'^\y''^^). Similarly 
V G j(4{y''^\ z*^*"'). Since u #w is homotopic to it#w rel (a;*'''-', z'-'"-'), the lift u #{; is also a path with 
ends (a;(''),zM). Now using the symplectic action a is non-increasing along the gradient trajectory 
u , we have 

r < a(zM) < a{y) < aix^'''^) <r + a{L). (2.10) 



so 



By uniqueness, y = {y Y^"^ and using (O) for u , we have /!'•''-'((?/ )'-''■') = /i^''-'(x'-''-') + 1 = n; 
{y )^^^ G Cn\L,4>; P, J). Thus the number of two-trajectories connecting x^"^^ and z'^''-' with index 
2 is even. □ 

Now (Cn {L,(p;P,J),dn )ngz is indeed an integer graded Floer cochain complex. We call its 
cohomology to be an integer graded symplectic Floer cohomology, denote by 

/f)(L,0;P, J) = H*(d'^)(i,0;P, J),aW), * G Z. 

From the construction we see that if [r, s] C Rl,i/), then (p: P, J) — l'f\L,(l)] P, J). The 

relation between I^'' {L, (j); P, J) and HF* (L, (/>; P) will be discussed in §4. 
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3. Invariance property of the integral symplectic Floer cohomology 

In this section we are going to show that the integer graded symplectic Floer cohomology defined 
in the previous section is invariant under the change of J and under the exact deformations of 
Lagrangian sub-manifolds. 

We consider an one parameter family {{J^ ,cf)'^}x^Yi that interpolates from (J°,0°) to {J^,<f)^) 
and is constant in A outside [0, 1]. Let 'Pi,e/2 be the set of all one parameter families where J°, G 
J„{L,(j)) C JregiL,4') such that 

\{J^-J^)^\^dtdT<'-, |(/'^-zd|ci(0x[o.i])<|, (3.1) 
ex[o,i] at z I 

for all u\ G ViL, P), i — 0,1. Here we also assume that (j)^ is exact under the change of A, 
so = J{X,t),(j)^ — 0(A, t), 0(A, 0) = Id are two parameter families of almost complex structures 
compatible to w and exact isotopes contractible to the identity. Such (j)^ connecting ip^ , (j>^ does 
exist. Floer discussed the invariance of the Floer cohomology under the change of (J, (j>) for ( j", cfP) 
C°°-close to (J\0i) in g. For (J,0), define 

djl = min{a(a;('')) - r,<7{L) +r- a(x(''))|x G Z^}. 

Since r G Rl,0 is an regular value of the symplectic action and modulo ct(L)Z the image Ima(Z^) 
is a finite set, so we have is a positive number in (0, (t(L)). For instance, we may choose 

e = C^i/16. 

Define the perturbed J-holomorphic curve equations 

dj,u,ir,t) = ^ + 4^^0, (3.2) 
with the moving Lagrangian coboundary conditions 

ux{T,0)eL,ux{T,l)ec^^{L). (3.3) 
This directly generalizes the J-holomorphic curve equation in the case of {J'^,(fp) and {J-^,(f>^). 



The moduli space A4\{x,y) of (3.2) and ( |3.3D has the same analytic properties as the moduli space 
A4{x, y) except for the translational invariance (see Proposition 3.2 in Q). Hofer in ||l^ anaylized the 
compactness property for a similar moving Lagrangian coboundary condition, Oh in |2l) studied that 
the bubbling-off a sphere or disk can not occur in the components of A4x{x,y) for the monotone 
Lagrangian sub- manifold L and S(i) > 3. The index of ux can be proved to be the same as a 
topological index for the moduli space of perturbed J-holomorphic curves. The arguments of the 
proof of invariance under the change of {J,4>) are the same as in [Q, g and But we need to 
ensure that the cochain map is well-defined for the integer graded cochain complexes. 

Lemma 3.1. If ux G Aix{xo,xi), {Jl',(j>^) G 'Pi,e/2 md ux G VixQjXi) is any lift ofux, then 

a(Ji,0i)(^i) < a(jo_0O)(io) + £• 
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Proof: Note that the path {u\{t)\t G (—00, 0)} is a gradient trajectory for (J°, 0") and {u\{t)\t G 
(1, 00)} is a gradient trajectory for (J^, cj)^). So we have 

a(jo,0O)({t(O)) < a(jo^0O)(io), a(ji,0i)(ii) < a(ji_0i) (u(l)). (3.4) 

Since u\ G A^a(2;o, 2^1)1 by the property of Vi,e/2, we have 

("a) lex [04] = II^J^"A||i2(ex[o,i]) ~ ll^./A'«A|li2(ex[o,i]) 

> II^JO'"A|li2(0x[o4]) - - 5jo)uA|li2(ex[0,l]) 

e 

Note that dju — ^(§7 — J^)- So the symplectic actions for t2(0) and xi are related by the following. 

a(u(0)) - a(ii) = /a;(uA)|ex[o,i] > -|- (3.5) 



Thus from ( p.4[ ) and ( p.SD we get 

a(jo_0O)(io) > a(,7o^0O)(u(O)) > a(ii) - -. (3.6) 
Then the result follows. □ 

Definition 3.2. For each n, define a homomorphism (j)^^ : C^''\l, P, J°) ~> ci''\L, cj)'^; P, J^) 
by 

2:ieCi'''(L,<^i;P,Ji) 

We show that the homomorphism (/)qj is indeed a cochain map with respect to the integral lift r. 
Lemma 3.3. {4>oi}*ez is a cochain map, i.e. 

"n,l ° <P01 — Vol ° <^n,0' 

/or all n ^ Z . 

Proof: For xq G &n\L,<j)^- P, J°) and yi G C^';^i(L,(/)i; P, ji),the coefHcient of yi in (ai"^! o - 
'?^oi ° '^n\)){^^) the number of the set modulo 2, 

^yoeci''_Ji(L,<A«;P,jo) -■^J°.0°(2;o,yo) X 7W5[(yo,yi) ^^^(zd^) (l.,^^:P.j^) M\{xo,xi) x A^ji^^i (xi, yi). 

(3.7) 

The ends of the 1-dimensional manifold M.\{x^:j^ yi) are in one-to-one correspondence with the set 

Uyez^n -Mjo^^o{xa,y) X 7W^(y,yi) U^rez^^ Ml{xo,x) x 7W ji^^i (x, yi). (3.8) 

For an end u^v of M.\{xo, yi) corresponding to an element in ( |3.7|) , the other end of the component 
u #u corresponds to an element in ( |3.8| ). For u G 7W°(xo,y) and w G A^ji ^i(y,yi), 7W^^(xo,yi) 
gives a 1-parameter family of paths in V{L, (f>\; P) with fixed end points xo,yi. Such a path gives 
a homotopy of paths from ui^pV to m #pU rel end points. The lift of u^pV starting Xq ending at 
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(r) . . ' ' . (r) ' 

y\ \ SO the same is true for the lift of u starting at x)^ . Suppose u Ufts to an element in 



-^A(4'^^y)• By Lemma lOj, we have 

a(ji,0i)(y) < a(jo,0o)(a;o''^) + e < r^a{L). 
Furthermore, using the trajectory decreasing the symplectic action, we also have 

a(ji,0i)(j') > a(Ji,0i)(yi'^'') > "T. 
So this shows that a(ji_0i)(y) S (r,r + o'(i)) which gives the preferred lift y = y^'^\ Now using 



Proposition 2.£ 



so we get fJ.^'^\y^^^) = n,y E Cn \L, (j)^;P, J^). This shows that u #pW in (3.8) actually corresponds 



to an element in (3/7). So the cardinality is always even. □ 
For (J% ^') e Vi, i — 0,1, 2, and define new classes of perturbations 7^2, e to consists of 

r (J°,0") A<-r 
{j^,(l)^) = { (J\0i) -r + i<A<T-i 

for some fixed positive number T(> 2), such that 

\{J^ ^ r)^\''dtdT <e. (3.9) 



ex([-T,-T+l]u[T-l,T]) 

Then if (J^(/.^) e 7'i,,/2((J",0"),(J\0i)) and {4,cl,^) e Pi,e/2((^\ 0^), ( J^ 0')), then we 
can compose {Ji,(f>i) with (^2^,02) to get (J^,(j)^) G 7'2,e(( J", 0"), ( J^, 0^))- We denote such a 
composition as {J^, cj)^) = {Ji, 0^)#t(>/2 ' 'f'2)- Then for a large fixed T and each compact set K in 
A^^jA ^x-j(x,y) X A^(,/A fj,\-f{y,z), there is a > and for all p > pT & local diffeomorphism 

# : -^(,7^,0^) (a;, y) X A^(jA ,^A)(y,z) D X ^ M(ja ,^a)_^^(ja ,^a) (x, z). 

See Proposition 2d.l in ||^. 

Lemma 3.4. For the above {J^,(j)^) and p > pr, 

for all n G Z. 

Proof: For xq G dn\L, 0"; P, 7°), 

0o2(2;o) = X! #'^A(a;o,yo) ■ yo, 
° 0oiK) = ^ ■^(./2V0j)(y'yo)) • yo, 

where the summation ^ runs over y G Cn\L,4'^]P, J^) and j/o G Cn\L, (p; P, J'^). The local 
diffeomorphism ^ implies that 

#Ml{xo,yo) - #(A^(jA,^A)(a;o,y) x A^(jA_^A)(y, yo)). 
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All we need to check is that y £ Cn\L,(f>^; P, J^), this can be checked by the same argument in 
Lemma 3.3 . □ 

For two classes ( J"^, (f>'^), {J^ , (f)^) in P2.eiiJ^, 4>^), (J^, 0^)); the following lemma shows that the 
induced cochain maps (/)q2, (f>Q2 cochain homotopic to each other. 

Lemma 3.5. // [J^^cj)^), { J^,4> ) in V2.eiiJ^ , (t^^), (J^ , (t^^)) ca?^ be smoothly deformed from one 
to another by a 1 -parameter family {J^,(f>g),s G [0,1], i.e. (J^,^^) — {J^,(f>^) for s < and 
(J^(/.^) = (7 ,0 )fors>l. Then 

4'q2^ 4>o2 '^''6 cochain homotopic to each other. 

Proof: we need to construct a homomorphism 

H:Cr)(L,</.°;P,J°)^cW(L,</.2;F,j2), 
of degree — 1 with the property 

<l>02~To2^Hdl:l + di:lH, (3.10) 

for all n e Z. Associated to (J^, ^g), there is a moduli space HM{xq, yo) = Use[o,i]A^(jA ^x-^{xo,yo). 

HM{xo,yo) = {{u,s) G X°_,.^^.)(xo,2;o) x [0,1]} cV{L,(l)^;P){x„,y„) x [0,1]. 

HA4{xo,yo) are regular zero sets of 9.7(,/a.0A') and are smooth manifolds of dimension pS'^\y\['^) — 
^^'^\x'"q^) + 1. Consider the case of /^'^''^(xq'^-') = f-^^Huo''') — '^i the boundary of 1-dimensional 
sub-manifold HAi{xo, yo) of P{L, (fy^\ P){xq, yo) x [0, 1] consists of 

• -^(j\0^)(2^o,yo) X {0}UM'L, -,^ixo,yo) x {1} 

• Liseio.i].yM~}^^^,^ixo,y) X M°^j2 ,f,2)iy,yo) for y e cl[\iL,(t)'^;P,.P). 

• ^Ijo,^o){xo,x) X UseioslxM^j^^^^~^{x,y) for x e c':^\{L,(jP;P,J^). 

Note that M^jx ^x-jixo^y) said M^jx ^x-ji^^y) a-re solutions of {u,s) of J-holomorphic equations 
lying in virtual dimension —1, they can only occur for < s < 1. Define H : &n\L,4P]P, J°) ^ 

C('2i(i,02;F,j2)by 



Similar to Lemma 3.3, by checking the corresponding preferred lifts and the integral Maslov index, 
we get the desired cochain homotopy H between and satisfying (3.1C). □ 

From Lemma 3.5, we have that (t>02 from ( J^, 0^) is the same homomorphism of from {J ) 
on the integer graded symplectic Floer cohomology. Then we can prove the invariance of the integer 
graded symplectic Floer cohomology under the continuation of (J, 0). 

Theorem 3.6. For any continuation (J^,(/)^) G Vi^e/2 which is regular at the ends, there exists an 
isomorphism 

: /('■) {L, P, jO) I^:^ {L, P, j'), 

for all n Z. 
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Proof: Let (J ^, cj) ^) be the reversed family of {J^, (f>^) hy t — — r . So we can form a family of 
composition (J'^, (I)^)^t{J^^ , 4^^^) in ^2.£ for some fixed T(> 2). By Lemma 3.4, we have 



For ( J^, 0'^)#t(>/^^, 0^^), it can be deformed to the trivial continuation as (J°,(/)°) for all r G R. 



Then by Lemma 3.5, we have 



Similarly, 05i ° '/'lo — <?^ii = 0^; J^)- Thus the result follows. □ 

(r) 

Now the integer graded symplectic Floer cohomology li is functorial with respect to composi- 
tions of continuations [J^,cf)^) and invariant under continuous deformations of [J^^cf)^) within the 
set of continuations V\^eli- 

4. Spectral sequence for the symplectic Floer cohomology 

In this section we are going to show that the Z- graded symplectic Floer cohomology li^\L, (jj; P) 
for r G R_L,0 and * G Z determines the Zsj^^-graded symplectic Floer cohomology HF*{L, (j);P),* G 
Zs(L). The way to link them together is to filter the integer graded Floer cochain complex. The 
filtration, by a standard method, formulates a spectral sequence which converges to the 'Z^(l) graded 
symplectic Floer cohomology HF*{L, (p\ P). 

Definition 4.1. For r G Rl,0, J G and n = j ( mod 5](L)), define the free Z2 modules 

0; p, J) = ^ c-SswJi' J)^ 

fc>0 

which gives a natural decreasing filtration on C^{L, cj)] P, J), * G Z5](l). 
There is a finite length decreasing filtration of Cj{L, (j); P, J), j £ ^s(l): 

• • • ^ Pn%(L fAL, 0; P, J) C F.!{^C,{L, cj,; P, J) C Pi^^^.C.iL, P, J) C • • • C 0; P, J). 

(4.1) 

P, J) = U„,j(„orf s(L))Pi''^Q(P, 0; P, J). (4.2) 

Note that the symplectic action is non-increasing along the gradient trajectories ( J-holomorphic 
curves on x R), it follows that the coboundary map 6 : Fn^Cj{L^ 0; P, J) P^'j_\Cj+i(L, cj); P, J) 



(in Theorem f2.5D preserves the filtration in definition 4.1. Thus the graded symplectic Floer 



cochain complex {Cj{L, 4>; P, J), S)j^Zs^L-) has a decreasing bounded filtration {Fn''C^{L, (jj; P, J), (5), 

CP/;+^5,(^)Q(i,0;P,J) cPi''^Q(i,0;P,J) C--- cQ(i,0;P,J) 

•■■ CP/;+^5,(^)+iQ+i(L,0;P,J) cPi;\Q+i(L,0;P,J) C--- C Q+i(L, 0; P, J) (4.3) 
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Lemma 4.2. (1) The cohomology of the vertical cochain subcomplex Fn^C^{L^ (p; P, J) in the filtra- 
tion IS F^''h^''\L,(b;P,J). 

(2) There is a natural bounded filtration for {l!f\L,(j)]P,J)}^^z the integer graded symplectic 
Floer cohomology, 

■ ■ ■ Pn+nL)HP'{L, 0; P, J) C Fj:'>HF^{L, cj,- P, J) C Fj^%^^^HF^{L, cj,; P, J) ■ ■ ■ C lf\L, P, J), 
where fI{^HF^{L, 0; P, J) = ker(/f ^(L, 0; P, J)) ^ f1^1^^^/[\l, 0; F, J)). 



Proof: The results follows from definition [4.l| and standard results in ||3^ Chapter 9. □ 

Theorem 4.3. For > 3, 

(i) There is a spectral sequence {E^^j,d'') with 

El^{L,^;P,J)^li'-\L,^;P,J), n = j {mod 

and 

E^^^{L, cj,; P, J) = Fi^^HF^L, 0; P, J)/F^%^^^HF^L, 0; P, J). 

(ii) The spectral sequence {E^j,d^) converges to the Z-^(l) graded symplectic Floer cohomology 
HF^{L,(I); P, J), where 

■ En,j{L, (t); P, J) -E^+s(L)/c+ij+i(-^> 0; J)- 

Proof: (i) Note that 

PWQ(L, P, J)/Fl%^^f,{L, 0; P, J) = ^^(L, P, J). 

It is standard from |3^ that there exists a spectral sequence {E^j,d'^) with E^ term given by the co- 
homology of F,^:'^Cj{L, </.; P, J)/Fl%^^^CjiL, 0; P, J), so we have E^^iL, 0; P, J) ^ I^^^L, cjj; P, J) 
and E!^j{L, cj); P, J) is isomorphic to the bigraded Z2-module associated to the filtration F^""^ of the 
Z-graded symplectic Floer cohomology In\L, (jj; P, J). 

(ii) Since the Lagrangian intersections are transversal and is a finite set of intersections Lr\(j){L), 
so the filtration F is bounded and complete from (^|^) . Thus the spectral sequence converges to the 
■2^s(L) graded symplectic Floer cohomology. Note that the grading is unusual (jumping by S(F) in 
ri), we list the terms for ^,E^^^. 

Zl^{L, 4>- P, J) = {x £ Fi'-)Q(F, 0; P, J)\5x G f(;\^j.(^),Q+i(F, 0; P, J)} 

F^,^.(L, 0; P, J) = Z^^^.(F, 0; P, J)/{^^-ts(L) J) + '5^n;(Vi)E(L)-i,,-i(^' J)) 

Z^^{L, cj,; P, J) = {x e Fj;^C,{L, cj,; P, J)\Sx = 0} 
E^^{L, cj,; P, J) = (L, cj,; P, J)/{Z- 5,(^),/F, P, J) + dZr+(fc-i)S(L)-i,,-i(i, 0; J)}- 
Thus (5 induces the higher differential 

d'' : El^{L, cj,; P, J) ^ F^+5,(^),+i,^.+i(L, cj,; P, J). 

□ 
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Theorem 4.4. For Y.{L) > 3, 

(1) for any continuation {J^,(j>^) G ^i,e/2 which is regular at ends, there exists an isomorphism 

El^{L, 0°; P, J°) = El^{L, 4>^-P, Ji). 

(2) For each k>\, ^{L, cj); P, J) are the symplectic invariant under continuous deformations 
of ( J^, 0^) within the set of continuations. 



Proof: Clearly (2) follows from (1) by Theorem 1 in |3^ page 468. From Theorem 4.3, we 
have an isomorphism E^ ^{L, (fP] P, J°) = In\L, 0"; P, J°), so there exists an isomorphism from §3, 
In\L^(fP\ P, J^) In\L,<j)^] P, J^) which respects the filtration and induces an isomorphism on 
the E^ term. □ 

Now we can view that E'^^j{L,(I);P,J) = E^^j{L, (j); P), Elj{L,(l);P) = li''\L, (j); P), for k > 
1, r G Rl,0 , are new symplectic invariants provided S(i) > 3. All these new symplectic invariants 
should contain more information on {P,uj;L,(f>), they are also finer than H F* {L , (f>; P) , * e ^^(l) 
the usual Floer cohomology. In particular, the minimal k for which E'^ = E°° should be meaningful, 
denoted by k{L). We will discuss the applications of these symplectic invariants on Lagrangian 
embedding, Maslov index and Hofer symplectic energy norm. 



Corollary 4.5. For I](L) > 3, j £ Zs(l), 
if and only if all the differentials d^ in the spectral sequence {E^^ j,d^) o,re trivial (i.e. k{L) = 1 j. 



Y.^tinL)uiL.4>:P)=HF^{L,ct.-P) 



In general, we see that ^^feez -^]+s(L)fc(-^' ^) ^ HF^ {L,<f);P) for j e Z^^^y li'''' (L, (j); P) can 
be thought as an integer lift of the symplectic Floer cohomology HF*{L, (p; P). 

5. Applications and Remarks 

5.1. Hofer's energy and Chekanov's construction. Hofer introduced the notion of disjunc- 
tion energy or displacement energy associated with a subset of symplectic manifold. Roughly, the 
Hofer's symplectic energy measures how large a variation of a (compactly supported) Hamiltonian 
function must be in order to push the subset off itself by a time-one map of corresponding Hamil- 
tonian flow. Hofer showed that his symplectic energy of every open subset in standard symplectic 
vector space is nontrivial. For more geometric study of the Hofer's energy, we refer to and [0. 

Definition 5.1. Let TL be the space of compactly supported functions on [0,1] x P. The Hofer's 
symplectic energy of a symplectic diffcomorphism (p : P ^ P defined by 

E{<j)) = inf{ / (max iJ(s, — mva H [s , x))ds\(f) is a time one flow generated by if G TL]. 

eH{L) = \TLi{E{(l)) : (j) £ Ham{P),L D 0(L) = empty set}. 
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Theorem 5.2 (Chekanov ||]). If E{(j)) < a{L), L is rational and L intersects 4>{L) transver sally, 
then 

#{Lncj,{L))>SB{L;Z2), 
where SB{L; Z2) is the sum of Betti number with Z2 coefficients. (I.e. eniL) > cr{L).) 

Remarks: (1) Poltcrovich |^ used Gromov's figure 8 trick and a refinement of Gromov's existence 
scheme of J-holomorphic disc to show that e/f (L) > Chekanov extends the result to euiL) > 

a-{L) which is optimal for general Lagrangian sub-manifolds, see [|j §1 and |Q §6, and he asked 



whether Theorem 5.2 remains true if £{(/)) = a{L). This is the case corresponding to = 
{moda{L)) which is not an regular value for the symplectic action a. (2) Sikorav pl[ showed that 
eniT™) > a(T'"^). Theorem generalizes the Sikorav's result to all rational Lagrangian sub- 
manifolds. 

In 1^, Chekanov was able to use a restricted Floer cohomology in the study of Hofer's symplectic 
energy of rational Lagrangian sub-manifolds. Denote 

ns = {je C°°([0, i],P)|7(0) e £,7(1) e 

One may choose the anti-derivative of Das{z)^ as as : fig ^ I{./a{L)Z. Chekanov fixed ao with 
critical value 0. Pick Zg G Ln (t>s{L) such that modulo a{L)X, 

< as(zs) = m\n{aa{x){modcr{L)'L)\x £ Z^,,} < (t{L). 

This is possible since as{x) = 0{mod(T{L)Z) for all x e Z^^ will contradict with E{(j)) < a{L). So 
we may take tq 7^ sufficiently small in Rl.,/,^, H (0, (t(L)), say < tq < ^as{zs). The condition 
E{4>) < a{L) provides that there is a unique x G Z^^ (the x^"^"^) which correspond to the unique 
lifts in (ro, tq + <y{L)), 

Q < as{x) - as{zs) < (t{L). (5.1) 

Under these restrictions, define Cs the free Z2 module generated by Lr\(f>s{L), and a coboundary map 
ds e End{Cs) (see below) such that dg o dg = 0, so II*{Cs,ds) is well-defined for every s G [0, 1]. 
Note that with the unique lifting x,y in (ro,ro + cr{L)) we have the Chekanov's restricted Floer 
homology in the integer grading. 

Lemma 5.3. Forrg as above, we have ci^°\L, (j)s; P, J) —Cg. Let Ms{x,y) be the restricted moduli 
space of J-holomorphic curves as the set {u G A4{L, (j)siL))\u* (lu) ~ as{x) — as{y)}. So we have 

d<^^°'>x ^ d,x = y #M six, y)y. 



Proof: Note that fiu = fJ- {y) ~ fJ-^^°'{x) — dimA4s{x,y) for any u G A4s{x,y). So y in the 
coboundary dgX is the element in c'^^\{L, (f>s; P, J); for any u G A4{x,y) in the coboundary of 
d^^°''x, we have u*{uj) = as{x) — as{y) (0 Proposition 2.3). For the unique lift in (ro,ro -I- <j{L)), 
the choice of makes that there is an one-to-one correspondence between A4s{x,y) and Ai{x,y) 
for /x'-'""-' (y^'"''^) — fj,^'^°\x''^°'^) = 1. So the coboundary maps agree on the Z2 coefficients. □ 
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Hence for the choice of the tq we have the identification between Chekanov's restricted cohomology 
H*{Cs, ds) and our integer graded Floer cohomology /("""^(i, 0s; P). 

For s sufficiently small, x € L Ci 4)s{L) is also a critical point of the Hamiltonian function Hg of 
(f)s- Then the Maslov index is related to the usual Morse index of Hg in the following: 

^(r-o)(2.(ro)) ^ (5.2) 

See [|, §, [0 and 

Proposition 5.4. For tq as above, we assume that (i) L is monotone Lagrangian sub-manifold in 
P, (ii) S(L) > 3, (Hi) E{(j)) < a(L) and (iv) L intersects 4>{L) transver sally. Then there is a natural 
isomorphism between 

l'f"\L,<j)g-P)=H*+"'{L;Z2) for*eZ and s e [0,1]. 



Proof: For any s, s G [0, 1] sufficiently close, by Theorem B.6 we have 

li'-"\L,^g;P)^li^"\L.,^^,;P). (5.3) 

For s £ [0, 1] sufficiently small, we have 

li'-"\L, (t>s: P) = H*{C,,ds) = H*+"'{L; Z^). (5.4) 

The first isomorphism is given by Lemma |5.3| and the second by Lemma 3 in [^ . Then the result 

follows from finite steps of applying ( x2 ) and ( 5^ ) . □ 



Remarks: (i) Proposition |5 .4| provides the Arnold conjecture for monotone Lagrangian sub- manifold 
with S(L) > 3 and E{(j)) < a{L). Chekanov's result in Q does not require the assumptions of 
the monotonicity of L and S(£) > 3. Floer proved the Arnold conjecture for monotone case. The 
generalized version has been obtained by Hofer and Salamon [ p^ , and Ono [ psf for weakly monotone 
case. As in Remark 3.7, we can also use the integer graded Floer cohomology to show Gromov's 
non-exactness theorem for compact Lagrangian embeddings into C" . 

(ii) Using li''°\L, cj),; P), there is a natural relation cj),; P) = I^J°lf^^^{L, cj),; P) for 

different choices of a^, + (t{L). In fact 

li'-°\L,cl^,;P)^li'-°\L,cj^^,;Pl 

for s, s £ [0, 1] which answers Oh's question in page 29. 

For Lagrangian sub-manifold L C {C"^,ujo) with the standard symplectic structure ujo = —dX, 
where A is the Liouvillc form, there is a Liouville class [X\l] £ i?^(L,R). One of the fundamental 
results in [|l^ is the non-triviality of the Liouville class. 

Theorem 5.5 (Gromov [p^ ). For any compact Lagrangian embedding L in C", the Liouville class 

[a|l] ^0£ifi(i,R)- 



In particular, H^{L, Z2) ^ 0. 
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Theorem 5.6. For any small e > 0, if eniL) — (t{L) —e for a monotone Lagrangian sub-manifold 
L embedded m C"\ then < 2. 

Proof: Suppose the contrary, > 3. By the hypothesis, there exists a e such that 

eniL) < E{cp) < eniL) + | < (5.5) 

So the time one flow </> separates the L from its definition of eniL), i.e. L n (j){L) — 0. By definition 
of integer graded symplectic Floer cohomology, we have li'^°\L, 0; P) — 0. By Proposition 5.4, we 
have 

li''°\L,(j>,;P)-H*+''^{L;Z2) for s £ [0,1]. 

This contradicts with Theorem H*{L;Z2) ^ 0. So we obtain the restriction on the Maslov 
index. □ 

5.2. Lagrangian rigidity and Audin's question. 

Proposition 5.7. For any compact monotone Lagrangian sub-manifold in {P,uj). if Ti{L) > m + 
1, (m > 2), then 

1. all the differentials are trivial for k > 0, 

2. we have the following relations. 

kez 



Y.^^7kL)kiL,^;P)^HF^{L,^;P). 



Proof: By Proposition 5.4, for s sufficiently small the Maslov index for l'f°\L, (ps', P, J) satisfies 
the following. 

< max^(''«)(?/(''«)) -min/x(''°'(a;(''«)) = ^hAv) - msi^) < ra. 
The result follows from the definition of d'^. □ 

Theorem 5.8 (Oh p^). For any compact monotone Lagrangian embedding L C C", 

1 < S(i) < m. 

Note that the result is optimal based on examples in (27| . We can use the integer graded symplectic 



Floer cohomology to prove Theorem 5.8 by the same argument used for the Floer-Oh's local Floer 
cohomology. We define the associated Poincare-Laurent polynomials (shifted in degree) for the 
spectral sequence P{E^ , ^), ^ > 1 by 

pM(^;^^) = ^(dimz,<,)^". (5.6) 

Note that our polynomials are slightly different from the one formulated in |^ . By Theorem 
pi^){E\t) = E„ez(dimz2 (j); P, J))f' . From §5.1 Remarks (ii), we have 

p(r+<T(L))^^fc^^^^E(L) ^ pir)^E\t). (5.7) 
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Proposition 5.9. For monotone Lagrangian L with > 3, 

k 

P^^\e'', t) = ^(1 + t-^^(^)-^)Q,(t) + P^^'^HF^t), 

i=l 

where fc + 1 = k(L) and Qi{t) are Poincare-Laurent polynomials of nonnegative integer coefficients. 

Proof: Let Z,^ ^ = ker{d^ : E^ ,j -S'^+s(l)+i j+il ^-nd 5,^^ ^ = Imd^ n -E^j - we have the exact 
sequences 

^ ^n,j ^ ^n,j ^ ^n+S(L) + l,i+l ~* 

So the degree + 1 of derives the foUowings. 

p(^){E\t) = P^'-^E^^t) + (1 +t-^(^)-i)pM(Bi,i). (5.8) 



Since the higher differential has degree iT,{L) + 1, we can repeat (5.8) and let Qi{t) = P'^^\B^ , t). 
Note that E°^ = HF*{L, 0; P) by Theorem Thus we obtain the desired result. □ 

For any oriented monotone Lagrangian torus in C™, its Maslov number is always even. Suppose 
S(L) ^ 2. Then E(L) > 4(> 3). From the construction of integer graded symplectic Floer coho- 
mology, li'^°\L,(t>;P) is well-defined provided S(i) > 3. Also the Floer cohomology HF*{L, (jj; P) 
is well-defined and is invariant under the generic continuation of {J,(f>) from pl[ . By choosing a 
Hamiltonian isotope (f) — {(f)t] such that 

Ln(/.i(L) = 0, 

which is certainly possible in C™. Thus Z^^ = 0, and 

HF*{L,(l3;P) ^0. (5.9) 

On the other hand, while 0^ is sufficiently close to identity map with E{(j)s) < <j{L), by Proposi- 
tion ^.4| we have 

/i'^''^(L,0,;P)=i/*+"(L;Z2). 



Applying Proposition U for E'^ = H*+"\L;Z2), E°° = HF*{L,4>;P) = from (|J), we get the 
relation 

k 

(1 + t)™t-'" - ^(1 + t-'^^^^-^)Q^{t), (5.10) 

where (1 + t)™t~™ is the Poincare-Laurent polynomial for the torus T™. Note that our Poincare- 
Laurent polynomial ( 5.10| ) is similar to the one in |Q. The changing -1-1 into —1 refiects 
precisely the degrees S(i) + 1,— I](L) + 1 of differentials in the spectral sequences for the Floer 
cohomology. After shifting the degree, we just have the following Poincare polynomial: 

fc 

(1 + 1)™ = ^(1 + f ^(^)+i)Q^(t), (5.11) 
where Q.,{t) = t™-*^(-^)-iQ,,(<) is a polynomial in t with nonnegative integer coefficients. 
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Lemma 5.10. For an embedded, oriented, monotone Lagrangian torus L in C™ with k{L) < 2, we 
have 

= 2. 

Proof: (i) If k{L) = 1, then fc = 0, we get a contradiction of H F* {L , <j>; P) = and E°° = 
li''°\L,(f)]P) ^ H*{L;Z2) ^Ohy Theorem Isl. 



(ii) If k{L) — 2, then by Proposition 5.9 and (5.11) we have the identity 

(1 + tr = (i + i^(^^+')gi(t). 

But this is impossible to have such a decomposition of (1 + i)™ = (1 + t^^^^~^^)qi{t) for any even 
> 3. So ^{L) has to be an even integer in 2 < T,{L) < 3, i.e. = 2. □ 

Remark: Note that the result can be restated as that for any given compatible almost complex 
structure J, the monotone Lagrangian torus L carry a J-holomorphic disc u : {D^, dD^) (C™, L) 
with fJ-Liu) — 2. Following the discussion in j22j, one has < k'S{L) < m+ I, i.e 

l<Mi) = fc + l<[^] + l. 



In particular, if > 3 and I](L)|(m + 1), then the last term in (5.11) may be 

(1 + t'SitTi^ (0 = (1 + t"+')gfiii±i, (t). 



Comparing with the left hand side of (5.11), we have Q^ m+i j {t) ~ 0, i.e. k{L) = k + 1 < (m + l)/E(L) 
in this case. 

Theorem 5.11. For an embedded, oriented, monotone Lagrangian torus L in C™, we have 

S(i) = 2, 

unless k{L) — 

Proof: Suppose the contrary. So S(i) > 3. Our integer graded symplectic Floer cohomology is 
well-defined for the transverse intersection L n ^(L). We have li''°\L, (j)^; P) ^ i?*+™(L;Z2). So 
E^j is contributed from the cohomology of torus with corresponding degree shift, i.e. 



W{V-Z2) 



'^n=jmodll{L) -^71, j ■ 



Note that our higher differentials 



E: 



n+*:E(L) + lj"+l' 



from W{T"'; Z2) to W+\T"'; Z2) modulo E''-\ By (U), HF*{T"\ 0; P, Z2) 0, so there are no 
elements in E* survived from the differentials. By counting the rank, we have 



E(L)-1 k 

X! 'Y^i-'^y Tank{®ri=]modi:(L)El,j) = 0, 

i=0 1=1 



(5.12) 
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where j = 0, 1, • ■ • , — 1. Clearly we have, for each j ~ 0,1, ■ ■ ■ , — 1, 

k 

^ rank{®n=jniodT.(L)El,^j) = rankW{T"'; Z2) 
1=1 

+rankW+^^^'>{T"'; Z2) + ■ ■ ■ + rankW+''^^^'> (T"; Z2). 
Thus ( 5.I2D gives us the following identity 

to ( ^^^^^ ) ' S ( ^^(^") + + • ■ ■ " S ( l^iL) W - 1 ) = (5.13) 
This can be rearrange into the alternating sum in the following due to the even number 

(fc+l)S(L)-l 

1=0 ^ 
This derives another constraint 

+ l)S(i) - 1 < m, (5.15) 

i.e. (fc + 1) < which is better restriction than (fc + 1) < + 1. So we have (fc + 1) < [f^]. 

rm+l 



E 7 )=0- (5-14) 

i=0 



(i) If (A: + l)<[f±i]-l,then 



(fc + l)E(i)-l < ([!|±1] - l)S(i) - 1 
< m-Y.{L), 

for S(L) > 3. Thus the equation ( 5.14| ) will be equivalent to 



E (-in 7 =0. (5.16) 

;=(fc+i)s(L) ^ ^ 



by (1 - 1)" = 0. This is impossible for m > 3 and ( |5.16D with 4 < (/c + l)T.{L) < m - 2. So the 
contradiction shows that 5](L) — 2 for this case. 

(ii) If fc = [wlt]' ™ + 1 = fcS(i) + < r < S(i) — 1, then by the discussion above, we have 



k < WTT — 1 if r = 0. So we only consider 1 < r < S(L) — 1. In this case, we obtain 



LS(L)J 

S(L) 

(fc + l)i;(L) - 1 = m - r + I](L) > m + 1, 
which contradicts with ( 5.15| ). 

(iii) If (fc + 1) = [^] for r 7^ in 

TO + 1 = (fc + l)i;(L) +r. 

It is easy to see that 

(fc + l)S(i) - l = TO-r<TO. 
So by the same argument in (i), we have a contradiction. Therefore the result follows except the 
case TO+ 1 = (fc + l)E(L) (i.e. fc(i) = fii). □ 

Since S(L) is always even for an oriented Lagrangian sub-manifold L, we offered an affirmative 
answer to the Audin's question for all even dimension m by Theorem 5.11. Now we are going to 
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complete the proof of Theorem C by considering the odd dimension m (m = 1 (mod 2)) with the 
divisibihty I](L)|(m + 1). 

For an embedded, oriented, monotone Lagrangian torus L in {C™,lu), we have = A/^.l for 
A > 0. It is not hard to see that L x L is monotone in (C™ x C™,w uj). For u : {D'^,dD'^) — > 
(C™ X C™, L X L), we denote : C™ x C™ C" to be the projection on the i-th factor, i = 1,2. 
Thus one has 

which foUows from the product symplectic form and the Kiinneth formula for the Maslov class in 
A(C™) X A(C™) (see g). Hence we have 

= A/^0^,lxl(w)- 

Proposition 5.12. For m odd, E(L)|(m+ 1), L is an oriented monotone Lagrangian embedding 
into C™, we have E(L) = 2. 

Proof: Suppose the contrary S(L) > 3. Combining the discussion above, we have a monotone, 
oriented embedding 

Note that E(L x L) > S(L) from the additivity of the Maslov index, we have T,{L x L) > 3, and 
i X i is an oriented monotone Lagrangian embedding into 2m even dimensional complex plane. 



Thus by Theorem 5.11, we have 2 = x i) > E(L) > 3 which is absurd. Thus E(L) = 2 for the 



last case. □ 

Remark: Using the same method, we can also obtain the result from the Floer-Oh's local homology 
and the spectral sequence defined in ||2^ . The point is to use the full spectral sequence information, 
rather than just the identity from the Pincare polynomial of the spectral sequence. 

There are four interesting numbers of a monotone Lagrangian manifold L, E(L), cr{L), eniL), k{L). 
Both of them intertwines together and links with the integer graded symplectic Floer cohomology 
and its derived spectral sequence. It is interesting to study further relations among them. 
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